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1 Introduction 



Over the past few years, there has been an explosion of interest in three- 
dimensional supersymmetric Chern-Simons gauge theories. Much progress 
was sparked by the Af — 8 theory put forth in [1],[2],[3], and independently 
in [4], that was proposed to describe the world volume theory of coincident 
M2-branes [5, 6]. 

The theory contains 8 scalars, X^, which take values in the transverse 
space, and a 16-component real fermion ^, which is a two-component real 
d — 3 spinor in one of the 8-dimensional spinor representations of the S0(8) 
R-symmetry group; the supersymmctry parameter e is in the other. The 
fields take values in a 3-algebra, defined by a totally antisymmetric triple 
product, given by 

[T\T\T'] = r'^'dT'^. (1) 

The invariant, symmetric inner-product {T°',T^) — h"^ raises and lowers 
indices, so that /"'"^'^ is real and totally antisymmetric. The theory is gauged, 
with gauge field 

^IJ^d — P^'^d^nhc- (2) 

The gauge field is constrained, so the degrees of freedom balance between 
bosons and fermions. The 3-algebra satisfies the so-called fundamental iden- 
tity, 

[T'',T\[T'',T'^,T^]] - [[T\T\T%T'^,T^] + [T\[T'',T\t\T''] (3) 

+ [T^T'^, [^^T^^'=]], 

which imphes that the gauge transformations act as derivations. These con- 
straints define the M = S theory, of which there is only one (unitary) example: 

More theories can be found by reducing the number of supesymmetries. 
These include the ABJM theories, with = 6 supersymmetry and U(A'") x 
U(A^) gauge symmetry [7], and the ABJ theories [8], with Af = 6 and U(A/') 
X U(M) gauge symmetry, as well as A/" = 5 with Sp(2A^) x 0(M). Similar 
theories were constructed in [9] . A classification of the possible J\f = 6 theo- 
ries of ABJM- type was presented in [10]. 

None of these constructions made use of a 3-algebra, so it is natural to 
ask whether they play any role in theories with A/" < 8. In fact, the most 
general J\f = 6 theory was constructed from a 3-algebra in [11]. One realiza- 
tion gives rise to an A/" = 6 theory with SU(A") x SU(A^) gauge symmetry; 
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another describes the — 6 U(A^) x U(M) ABJ theories. It has recently 
been shown that the SU(A^) x SU(A^) theory is related to the U(A^) x \J{N) 
ABJM theory [12], so the 3- algebraic approach indeed describes the complete 
set of TV = 6 ABJM and ABJ theories. 

Given these results, one would also like to know the role that 3- algebras 
play in Af — 5 theories. The quaternionic unitary 3-algebras were classified 
in [13], where it was found that they are in one-one correspondence with the 
A/" = 5 Chern-Simons theories presented in [9] and [14]. In this paper we take 
a more direct approach and construct the most general three-dimensional 
Af — 5 superconformal Chern-Simons theories from first principles. We work 
in components and close the supersymmetry transformations on the fields. 
We find that the theories depend on real structure constants with four up- 
stairs indices, satisfying A/" = 5 versions of the fundamental identity. When 
the structure constants obey f"-'"^'^ = —j^acd _ jcdab^ they give rise to A/" = 5 
truncations oiAf — 6 theories, with supersymmetry transformations given in 
[11]. When they obey g''^'^ = g^"""^ = fir^'^"^ with c/("'''=)'^ = 0, the theories are 
purely A/" = 5. For this case, our Af = 5 transformation laws agree with those 
presented in [15]. Our results are in accord with the classification derived 
in [13]. In addition, they clarify the connection between A/" = 5 and A/" = 6 
theories and show that they both arise as independent solutions to a single 
set of constraints. 

In what follows we also present explicit 3-algebra representations for var- 
ious A/" = 5 theories. We recover all the examples discussed in [9, 14, 13]. 
We find an Sp(2A) x SO(Af) theory of ABJ-type, with matter fields trans- 
forming in the bifundamental representation of the gauge group, as well as 
an S0(4) x SU(2) theory with one free parameter. We also find more exotic 
theories with gauge groups G2 x SU(2), with bifundamental matter, and 
SO (7) X SU(2), with matter in the 8-dimensional spinor representation of 
SO (7). These theories can also found using the "embedding tensor" approach 
to d — 3, Af — 8 gauged supergravity in the conformal limit [16, 17], or using 
Af — 1 superspace, as was done in [18]. 

Finally, in this paper we also show how to lift certain theories with A/" = 5 
and Af — 6 supersymmetry to A/" = 6 and Af — S. We first lift the Af — 6 
theory with SU(2) x SU(2) ~ S0(4) gauge symmetry to AA = 8. We then lift 
the Sp(2A) X S0(2) invariant Af = 5 theory to Af — 6. As a third example, 
we lift the Af = 5 theory with S0(4) x SU(2) gauge symmetry to A/" = 6 
at one point in its parameter space. At that point, the gauge symmetry is 
reduced to S0(4) = SU(2) x SU(2), as required ior Af — 6 supersymmetry. 
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The layout of the paper is as follows. In the next section, we review 
the 3-algebraic construction of the A/" = 6 theories. We present specific 
representations of the various gauge groups that arise, and we demonstrate 
the lift to A/" = 8. We then turn our attention to A/" = 5 and construct the 
most general theory based on a 3-algebra. We find the fundamental identity, 
and solve it in terms of structure constants of two different kinds. We discuss 
explicit representations, and present the lifts from J\f — 5 to J\f — 6. 

2 Review of the J\f = 6 Construction 

In this section, we review the relevant features of the construction in [11]. 
We start by decomposing the SO (8) global symmetry into S0(6) x SO (2) 
= SU(4) X U(l). The matter fields are a scalar and a spinor ^Aa: both 
with U(l) charges +1, together with their conjugates Zj^ and vp"^", where 
A = 1, ...4 is the SU(4) index and a spans a representation of some gauge 
group. The 3-algebra structure constants /"^cd arc no longer necessarily real 
or totally antisymmetric, but satisfy /"^cd = -f'°'cd = f'"dc = fed"'''- The six 
supersymmetry parameters e^^ are antisymmetric in A and B, and obey the 
reality condition 

e^^ = le^^^'^^ecn. (4) 
The J\f — 6 supersymmetry transformations on the scalar and the fermion 

are 

SZ^ = ie^'^'^Dd, 

S^Dd = YsadD.Z^ (5) 



7A 

'd 

I fab ryA ryB rye ^ i fah ry A ryB rye ^ 

+ J cd^a ^A^BD + J cd^a ^b ^D^AB, 

where the gauge-covariant derivative on the scalar is defined by 

D,Zf = d,Zf - A,%Zf. (6) 

The transformations on the scalar close according to the supersymmetry 
algebra, 

[6„6,]Z^^v^D,Z^ + A%Z^, (7) 

where 

= l^^^'re.cD (8) 

and 

K^d = 'i£[2^£i\BE f^'cdZ^Z^, (9) 
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where the antisymmetrization is done without a factor of |. 
The transformations on the fermions close similarly, 

[Si, 52]-^ Dd = V'D^^ifDd + A%*Da, (10) 

provided the equations of motion are satisfied: 

EDd = rD,-^Dd-2r\d^BaZ^Z'i, (11) 
+ r\d'^DaZ^Z% + eABCDr\d'^''''Z^Z^ = 0. 

Finally, the gauge field transformations 

5A,% = -^/"^d(£^''7M*B^,^& + eBcl^^''''Z^) (12) 
close as follows, 

[<Ji, 52]i/d = D^{k\) + v^'F^^^a + C»(Z^), (13) 
provided the field strength obeys the following condition: 

Ffiv d — ~dfiAi, d + diiAn d + Au i,An ^ — A^ i,Au d 

= {D^Z^Z^^ - Z^D^Z% - i^^^7'^B6) r\d. (14) 

Canceling the (9(Z*^)-terms leads to the A/" = 6 fundamental identity, 

r^g,r\d + f^\i>r\d + rjTu + = o. (is) 

The fundamental identity ensures that the gauge transformation acts as a 
derivation. With these ingredients, it is not hard to construct the J\f = 6 
Lagrangian, written in terms of the 3-algebra. In the next section, we discuss 
representations of the J\f = 6 gauge groups. 

3 J\f = 6 Representations 

A representation of the 3-algebra can be constructed from rectangular MxN 
matrices, X, Y, Z, as follows: 

[X, Y; Z] = XZV - YZ'fX, (16) 

where Z'^ is the conjugate transpose of Z. This can be interpreted as a 
gauge transformation on X^i, acting via left and right multiplication, with 
X carrying bifundamental indices d and /, 

SXdi = [X,Y;ZU 

= XdkZ^'^'Yu-YdkZ^'^'Xu. (17) 
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In this case, the 3-algebra structure constants are given by 

r'^kdi = S^S'JlSj - S^J'M- (18) 

The structure constants have the correct symmetries and satisfy the J\f — 6 
fundamental identity. 

Using (9), it is a simple matter to determine the gauge theories that are 
constructed in this way. For this particular 3-algebra, we find 

^^di = ^""'diZ^i = ief2^ei]BEZhiZcZf^ - z£p^£i]BBZ|Zg'Z^, (19) 

The matrix A"*^; is anti-Hermitian, with a nonvanishing trace for M ^ N 
and a vanishing trace ior M — N. As expected, these J\f — 6 theories have 
U(A^) X U(M) and SU(A^) x SU(A^) gauge symmetry. The original U(A^) x 
U(A^) ABJM model can be recovered by gauging the global U(l) symmetry, 
as was done in [12]. 

A second choice of structure constants is given by 

r'cd^r'Jcd + is^A-^d^c), (20) 

where J"** = i((T^ ^nxn)"'^ is the antisymmetric invariant tensor of Sp(2A^). 
The f°''^cd also obey the fundamental identity and have the correct symme- 
tries. As before, we close the algebra to find the gauge transformation on 

^d ■> 

^Zi = = 1^2^ ei]BE{Zd Zc + J"'''JcdZ^Z^)Z^ 

- i£^2^ei]BEZ^ZcZj. (21) 

This transformation is a sum of two parts. The first is of the form 5' = 
A'"'dZ^; the second is a phase. It is easy to see that Jg^h'^cJ'^'^ = ^'^a-i so the 
gauge group is simply Sp(2A^) x U(l). 



4 Lift: J\f = Q^J\f = 8 

Prom the above construction, it is possible to find an explicit lift from the 

J\f — 6 theory with SU(2) x SU(2) gauge symmetry to the unique J\f — 8 
theory. We begin by writing the matter fields Z^^ in SO (4) notation, 

Zi = Z^^aT, (22) 
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using the ordinary Pauli matrices of [19] (except taking (T° — > ia^ — to 
make the gauge space Euchdean) . Because of the well-known identity 

the representation of the SU(2) x SU(2) transformation given in (16) exactly 
reproduces the 3-algebra of the Af = 8 theory, with f"-'^'^'^ — gifted absorb 
the constant of proportionality into e"''"^'^). 

In this notation, we start with the original Af — 6 supersymmetry trans- 
formations presented above, parametrized by e^^, and construct two addi- 
tional supersymmetries, parametrized by a complex spinor r] of global U(l) 
charge +2. The most general supersymmetry transformations consistent with 
these assignments are 

= rsADD.Z^'^ + e^rvD.Zf, (23) 

I ^abcd ryA ryB ry ^abcd 17 A rvB ry 

+ ^ ^a^h ^Dc^AB — ^ ^a^h ^Bc^AD 

for some complex numbers Oi, O2, ©3, ©4. Note that since the gauge group 
is SO (4), the gauge indices can be raised and lowered at will. 

Imposing the supersymmetry algebra on the scalar transformation leads 
to ©1 = ©3 and ©1 = ©2- In particular, we find 

52]Zi = v^D.Zj + k^aZt (24) 

where 

V' = ^^t'^T'^^iBc + im\2rni^ (25) 

and 

+ ie^fi^2efe'''"^ZBbZcc + i\eiW2rilf'''"^Z^ZBc. (26) 

Anti-Hermicity of the generator A"'^ requires ©1 = — 3©4. This leaves only 
©1 independent; it can be absorbed into the parameter rj. 
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With these results, the supersymmetry transformations are 

I -.abed rvA ryB fy ^abcd ryA ryB fy 

+ ^ ^a^h ^Dc^AB — ^ ^a^b ^Bc^AD 

- e^^'^ZtZAbZocT] - \eABCDe''"^'n*Z^Zl^Z';:. (27) 
Closing on the fermion gives 

[^l,^2]*Dd = V^D^<i!Dd + ^-''d^Da 

+ ^^[I'^ilcDEBd - le^^l^'eiBElt.Eud (28) 



+ iV[2£i]CDEa - -(r)i2ril] + V[2l^Vi]ln)EDd, 

as required, where Eod denotes the fermion equation of motion (11). The 
same calculation also fixes the transformation of the gauge field, 

+ ie'^'^^r-f^^BbZ!^ + le'^'^^'f-n^^i^ZBc. (29) 
Closing on A^"-'^ imposes the constraint (14). 

The above transformations are manifestly SU(4) x U(l) covariant. How- 
ever, they must also be covariant under SO (8), the J\f = 8 R-symmetry 
group. As a check, therefore, we compute their transformations under the 
twelve remaining generators of SO(8)/(SU(4) x U(l)), which we denote g^^, 
with U(l) charge 2. The transformations are 

6Z^ = g^^ZBa 

5e^^ = + ^^^^^^^CD^ (30) 

Sr] = --g Sab, 

consistent with the fact that Z^, "^sb and e"^^ live in different S0(8) repre- 
sentations. The transformations (30) close into SU(4) x U(l), as required 
by the SO (8) algebra. Moreover, it is not hard to show that the super- 
symmetry transformations (27) and (29) are covariant under (30), as they 
must be. Thus, for the case of SO (4) gauge symmetry, the supersymmetry 
transformations (27) and (29) do indeed hft the Af — 6 theory to = 8. 
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5 A/" = 5 Construction 



In this section, wc proceed along similar lines to construct the most general 
J\f = 5 theories that make use of a 3-algebra. We start by decomposing the 
S0(8) global symmetry into S0(5) x S0(3) = Sp(4) x SU(2). We take the 
eight scalar fields to have the index structure X:^, where A — 1,..,4 and 
i— 1,2 are indices that refer to the Sp(4) R-symmetry and the global SU(2), 
respectively; the index d spans a representation of the gauge group. The 
Sp(4) indices are raised or lowered with the Sp(4)-invariant tensor, 

for which u'^^ubc = ~^c- Here and elsewhere we adopt the convention 
= uj^^Xb. Xa = —ujabX^ for any symplectic structure. The super- 
symmetry parameters are real spinors antisymmetric in A and B and 
traceless, 

UJAB^,""^ = 0, (31) 

so the are in the 5 of Sp(4). The supcrpartner fermions are real spinors 
as well, with index structure ^ Aid- 

The most general supersymmetry transformations are of the following 
form, 

6Xf, = ^e^^vl>^^, (32) 

I / , C ^jkl fabc vA\^B \rC i „abc vA \aC\ 
+ ^^BDC,AC^ [J d^la^jb^kc + 9 d^ka^lb^jc) 

+ UJAC^BDe^''(h'''"'dX^Xf^X^^ + f^'^dXkaX^Xf^), 

where the Levi-Civita tensor e*^ raises and lowers the SU(2) indices. With- 
out loss of generality, we may take g"'^'^d and j"''^d to be symmetric in a and c. 

The tensors g"''"^d, h^^'^^i and j°'^'^d are fixed by closing the supersymmetry 
algebra on the scalar, 

5^]X^, = v^D^X^, + K'^aXt (33) 
with v^" = ^l2^YiiBC- We find 

r'^d = = h'-^'d = 2r'd, (34) 

which implies 

^''dX^ = -e'^if2^ii]CFUJEBr^''dXff,X^^Xf^. (35) 
9 



Because of conflicting symmetries, A"^ vanishes, so no gauge transformation 
appears in the closure of the algebra. 



With these conditions, the fermion supersymmetry transformation be- 
comes 



Closing this transformation leads to a trivial theory. All interaction terms 
cancel in the equation of motion. Indeed, upon closer inspection, it is pos- 
sible to show that the interaction terms in the fermion transformation (36) 
also vanish, as indeed they must. 

To find a nontrivial Af — 5 theory, we need to impose a less restrictive 
global symmetry group. Therefore, in what follows, we will take the global 
symmetry group to be the R-symmetry group SO (5) = Sp(4). Since Sp(4) 
C SU(4), we can carry over many results from J\f = 6. 

We start by examining the supersymmetry parameters. We write the 
jV = 6 parameters e^^ in terms of the J\f = 5 parameters C^^, together with 
a real R-symmetry singlet spinor r], as follows: 



In an A/" = 5 theory, the Sp(4) indices are raised and lowered using the 
antisymmetric tensors cu^^ and ooab, respectively. For the J\f = 5 parameters 
Cab, this convention is consistent with the SU(4) R symmetry of the J\f — 6 
theory: 




, , / £abc vB \rC vA rabc vB \rC yA\ 



(36) 




(37) 



■AB 




= ^(a;^^a;^^- 

1 ^ABCDc 





(38) 
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The sign change in the singlet follows from the group theory, 

= —s^^'^^'oocDV. (39) 

It is also necessary for the closure of the supersymmetry transformations, as 
can be checked for the free case. 



We next consider the fields. The 4 of Sp(4) is obtained from the 4 and 
4 of SU(4) by imposing a reality condition. For the case at hand, we impose 
the following constraints on the fields of the — 6 theory:^ 

— '^AB^b 
^Aa ^ -rb^^B^^^ ^4Q^ 

Here uab is the antisymmetric Sp(4) invariant tensor, while Jab is an in- 
variant (antisymmetric) tensor of the gauge group, with JabJ^"^ — —^a- The 
minus sign in the second term renders the constraint consistent with the 
A/" = 5 supersymmetry transformations. The constraint is inconsistent with 
the transformation parametrized by 77, so it explicitly breaks J\f = 6 super- 
symmetry to Af — 5. 

With this constraint, we can write the Af = 5 supersymmetry trans- 
formations entirely in terms of the fields and ^od- The most general 
transformations take the following form, 

S-^Dd = YUdD.Z^ + ff^Z^Z^Z^^nciOAB 

+ ftdZ^Z^Z^UBCOnc, (41) 

where, without loss of generality, we take fi'^'d and f2'^'^d to be antisymmetric 
in their first two indices. Closing on the scalar gives 

[S,, S2]Z^ = v'^D.Zi + K\Zt (42) 

with 

h-'d = iftdZ^Z'^ujnclf2^ii]BF. (43) 
^Our constraints differ by a critical sign from those in ref. [15]. 
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where 

/f'ci = ^(/r"d-/2"^)- (44) 

This imphes 

+ ftaZtZ^Z'^^UBUDC (45) 
Closing on the fermion gives 

~ -ji^^i2\ADEcd-\- -^{il^lvi2AB)Y EDd, 

with the following fermion equation of motion: 
Eod = I'^D^^na 

- ftdi'^DcZ^Z^ + '^ubZ^Zf)uAB 

+ 2ftd{'^AbZtZ^ + '^AcZtZ^)uDC = 0. (46) 
With these assignments, the gauge field transforms as 

5A,^d = -i{fT'd + ftd)i^^''iECl,'^BbZ^ . (47) 
Closing on the gauge field imposes additional constraints: 

fabc ( redg r-egd \ yA yB rvC yD , , , _ fl 

h g\h f + h fJ^a'^b^c'^d^AD'^BC — U 

ft9if2''f + f2''f)Z:Z^Z^'Z^UiiY^2]CD = 0. (48) 
These two constraints must be satisfied by the Af — 5 fundamental identity. 

Up to now, we have worked in complete generality. To proceed further, 
we impose symmetries on the structure constants f^^^d- The most obvious 
choice is 

j^abcd jabcd jbacd jcdab (49) 

as in jV' = 6. With this choice, the calculations work out just as before. In 
particular, the conditions (48) are satisfied by the J\f — 5 restriction of the 
J\f — 6 fundamental identity: 

J ^j^abfg j^jhcd j^agfdj^hbjcj^ j^ahfgj^jbdcj^ j^agfc j^bhjd^ _g {^0) 

In this case, the supersymmetry transformations are those of ref. [11]. 
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A second and more interesting choice is to take 

jabcd gacbd gbcad (51) 

where 

gUcbd gCabd gbdac (52) 

SO /2^^'^ has all the right symmetries. As wc shall sec, this choice generates 
Af = 5 theories that are not restrictions of jV = 6. The conditions (48) are 
satisfied if^ 

= (53) 

and 

Jgj (g<'f^9gjchd ^ gafgdghjbc ^ gafhggjdbc ^ gafgCgbjhd^ ^ ^ (54^ 

This is the J\f = 5 fundamental identity, which was also found in [14] by 
taking the conformal limit of three-dimensional gauged supergravity 

Substituting rf'^'d for ff^^ in (41), (45) and (47), we find the = 5 
supersymmetry transformations 

5Zf = i^^^^Dd 

+ 2g°'^''dZ^Z^Z^^Ac(^DB 
M/rf = Stg^'^'^dUJ^'^'^ECl^.'^BbZ^. (55) 

These transformations close into a translation and a gauge variation, with 
parameter 

= -^g'^'dZ^Z^uJudf/C^^sF. (56) 

These are the same transformations that were found, starting from different 
assumptions, in ref. [15]. 



6 A/" = 5 Representations 

In this section we construct A/" = 5 gauge theories, built from symmetric 
structure constants with gauge transformations 

SZf = A%Z^ = -^9'^dZ,^Z^u;nd§%BFZt (57) 

'^We thank Jose Figueroa-O'Farrill and Paul de Medeiros for emphasizing the impor- 
tance of (53). 
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We will see that there are a host of such theories, including some with free 
parameters or exceptional gauge groups, in stark contrast to = 6 or 8. 

We start by constructing a set of g'^'^'^'^ that lead to an Sp(2A^) x SO(M) 
gauge group. There are four combinations of the invariant tensors of Sp(2iV) 
and SO(M) that have the symmetries (52): 

^aibjckdl ^ (^^ac^bd _ ^ad^bcyjijjkl ^gg^ 
ga^bjckdl ^ ^jikjjl ^ jjkjU-^^ab^cd 
gWaibjckdl ^ ^^acgbd_^^ad^bc^j^J^kJJl_^JjkJ^l^^ 

where i, J,... = l,...2Arare Sp(27V) indices, and a,b,... = l,...Mare SO(M). 
Prom them, we must select linear combinations that satisfy (53) and the fun- 
damental identity (54). 

In fact, there are just two linear combinations that do the job: 

^aibjckdl _ ^aibjckdl _ ^aibjckdl (59) 
^aibjckdl _ {+)aibjckdl , {-)aibjckdl 

y — Us "T ya 

Let us focus in detail on the first case. The structure constants are 

gaibjckdl ^ f^gac^bd _ ^adgbcpijjkl _ ^ab ^cd^jik jjl ^ jjk jily (gQ^ 

They give rise to the following gauge transformation: 



^ZAai ^ -^^§%^^,ooncZ,lZ^^Z^''' (61) 



3^ 

y4[2 

^'^FDFy- ryBkryCdrvAl 

■-^K[2 ^l]BFUlDC^b ^k ^b ■ 



The two terms are Sp(2A^) and SO(M) transformations, respectively, with 
matter fields in the fundamental representations of each [8, 14, 18]. 

For the second case, the structure constants are simply 

gUibjckdl jik jjl^ac^bd _j_ jil jjk^ad^bc (62) 

The indices are in standard direct product form, so the theory has gauge 
group Sp(2MA^), with matter fields in the 2MN dimensional fundamental 
representation. 
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For the special case of S0(4) x Sp(2) ~ S0(4) x SU(2), it is possible to 
add another term to the structure constants [14, 18]: 

^^jckdl ^ gaibjckM _ gaibjckdl ^ ^^abcdjij jkl ^ ^gg) 

where e"''^'^'^ is the totally antisymmetric S0(4)-invariant tensor. The result- 
ing g'^^^J^''^'^^ satisfy (53) and the fundamental identity, for any choice of the 
free parameter a. The gauge group closes into S0(4) x SU(2) for a ^ oo. 
In the next section, we will see that this example, in the limit a — )■ oo, has 
gauge group S0(4). In this hmit, it hfts to j'V^ = 6 and 8. 

There are also two "exceptional" theories with J\f — 5. The first arises 
from the tensor 

gaibjckdl ^aibjckdl ^aibjckdl _|_ ^^abcd jij jkl (64) 

where a,b,... = 1,... 7 and = 1,2 are S0(7) and SU(2) indices, re- 

spectively. Here C"'^'^ is the totally antisymmetric tensor that is dual to the 
octonionic structure constants C^fg, 

(jabcd ^ l_^^abcdefg(j^^^_ ^gg^ 

[For a concise introduction to G2, SO (7) and the octonians, as well as a host 
of useful identities, see Section 2 and Appendix A of [20].] The tensor (64) 
satisfies (53) and the fundamental identity ior /3 — or /3 — ^. When /3 — 0, 
the ^"»^Jc^<^' are just the Sp(2) x S0(7) structure constants discussed above. 

When (3 = J, the gauge group is G2 x SU(2). In this case, the structure 
constants take the form 

gaibjckdl ^^ac^bd ^ad^bc _j_ ^^ohcd^jij jkl ^ab^cd^jik jjl _j_ jjk jil^ (66) 

2 

where = 1,2. The gauge transformation is then 

^^Adl j^aidl 

with 

^aidi ^ ^-ll^/^,^^^ujnc5^'^Z^'Z^' (67) 
3? - 1 
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The first term is clearly an SU(2) transformation. The second is a G2 C 
S0(7) transformation, as can be seen by recognizing that the operator 

p«f = i (^S'^'^S'^ - S'"'5'"^ + ^C'''''^^ (68) 

is a projector from the adjoint 21 of S0(7) to the adjoint 14 of G2, 

Vf^'^Cbce = 0. (69) 

In this way we construct the J\f — 5, G2 x SU(2) gauge theory from a 3- 
algebra, recovering the result found in [14, 18]. 

The second exceptional theory has S0(7) x SU(2) gauge symmetry with 
matter transforming in the spinor 8 of S0(7) [14, 18]. To find the structure 
constants, we start with the tensor 

gaibjckdi ^ ^ab^cd(^jikjji ^ jjkjii^^ ^ 7r^^„r^„/v'=^ (70) 

where a, b, ... = 1, ... 8 and ij, ... = 1, 2, and T^^ = |(r^r„-r„r^)"^ is built 
from the S0{7) gamma matrices. The g^-'^^i'^'^'^^ have the correct symmetries 
and satisfy the fundamental identity for 7 = — |, in which case the structure 
constants become 

gaibjckdl ^ gabgcd(^jikjjl ^ jjkjil^ _ ^^ab^^cd^jij jkl (7^) 

The gauge transformations reduce to 

g^Adi ^ A'^^'^'Z^, (72) 

where 

A"^'' = -^Cf2^^i]BFu;DcS'''Z^^Z^^ (73) 

I ^DF t . . T^ad -p6c jjk jil ryB rjC 

We see that the gauge group is S0(7) x SU(2), with the matter fields in the 
spinor representation of each. 

7 Lihs: Af = b^Af = 6 

In this section, we lift two theories with J\f = 5 supersymmetry to A/" = 6, 
along the fines of the fift from = 6 to = 8. In particular, we lift the 
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N theories with Sp(2Ar) x S0(2) and S0(4) x SU(2) gauge symmetry 
to A/" = 6 theories with Sp(2A^) x U(l) and S0(4) gauge symmetry, respec- 
tively. As we showed previously, the latter theory can then be lifted to jV = 8. 

To carry out the lifts, we first define unconstrained complex-conjugate 
scalars and Z\, consistent with the constraint (40): 

Z\ = Zf-iZf. (74) 
Supersymmetry then requires that the superpartner be defined as follows: 

The indices 1 and 2 refer to either SU(2) or S0(2), while a refers to S0(4) 
or Sp(2A^), respectively The constraint (40) allows us to write the complex- 
conjugate expressions in terms of the original fields. Note that this procedure 
only works when one of the M — ^ gauge groups is SU(2) or S0(2). 

We first consider the theory with Sp(2A^) x S0(2) gauge symmetry, where 
a,b,... = 1,... 2N are Sp(2A^) indices, and = 1,2 are S0(2). The 

conjugate scalar Z^ takes the form 

Z%^-u;ABr\Z,^,-iZg), (76) 

and likewise for the conjugate spinor H*"^". With these definitions, it is 
straightforward to check that the Af — 5 transformations, with 

gaibjckdl ^ _2 (^(^^ik^jl _ ^il^jkpabjcd _ ^ij^kl(^jacjbd ^ jbcjad^^^j ^ ^77^ 

3 

coincide with the J\f — 6 transformations, with 

r'cd^r'Jcd+{S:S',- 5^,61), (78) 
for five of the six supersymmetries. 

To find the sixth, we plug £ab — >■ —i^^ABV into the transformations (5) 
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and collect terms. After some calculation, we find: 

x{eikeji + ejk^ii + i5ijeki)Z^^Z^jZ'^:'' r] 
^^^a^dl ^ ^f-bcd^^^^^^^,zB _ + e^^s'i^^ (79) 

where e'^ is the antisymmetric, invariant tensor of SO (2). This is the extra 
supersymmetry transformation that lifts the A/" = 5 theory with Sp(27V) x 
SO (2) gauge symmetry to the J\f = 6 theory with Sp(2iV) x U(l). 

Finally, we consider the — 5 theory with SO (4) x SU(2) gauge sym- 
metry, with g°-^bjckdi gjygj^ jj-^ (63), in the limit a — >■ 00. In this limit, the 
structure constants reduce to 

gaibjckdl _^ ^^abcd^ij^kl^ ^gQ^ 

where a,b, ... = 1, ... 4 are S0(4) indices, and ... = 1,2 are SU(2), and e*-' 
is the antisymmetric, invariant tensor of SU(2). We first compute the gauge 
transformation. Using (43), we find 

SZ^i oc ^§^^i]BFUEce^"''e^'Z,pgZ^i. (81) 

This is a pure S0(4) gauge transformation; it suggests that the S0(4) x 
SU(2) invariant M = 5 theory, in the a — >■ 00 limit, can be lifted to the 
SO (4) theory with A/" = 6 and 8. 

We now construct the hft. We start by defining the complex-conjugate 
scalars and Z^. For the case at hand, we find 

ZAa^-^UJAB{Z^^-^Zg), (82) 

and likewise for the spinor E*^"'. As above, it possible to show that the 
Af — 5 transformations with 

2 

aibjckdl abed ij kl fQQ\ 

9 — ^ ^ ' v"*^/ 

and the Af — 6 transformations with 

j^abcd ^abcd (84) 
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coincide for five of the six supersymmetries. 

The sixth supersymmetry is derived in the same way as before. Plugging 
Sab —ii^ABV into (5) and collecting terms, we find: 

g^^aidi ^ -2z£"^^^'^e^'r/7^^B6,^e1- (85) 

Note that the interaction term explicitly breaks the SU(2) symmetry. The 
transformation is just what we need to lift the J\f = 5 theory with SU(2) x 
50(4) gauge symmetry to the J\f — 6 theory with 5*0(4) gauge symmetry. 
In Section 4, we proved that this theory can again be lifted to = 8. 

It is worth emphasizing that these lifts arise from A/" = 5 theories that are 
not simply J\f = 6 theories with a reality constraint. Instead they arise from 
purely Af — 5 theories, using very special properties of the gauge groups in 
question. 

8 Conclusions 

In this paper, we constructed the most general three-dimensional J\f = 5 su- 
perconformal Chern-Simons gauge theory from first principles. We identified 
the 3-algebra, found the fundamental identity, and constructed various rep- 
resentations of it. We used 3-algebras to demonstrate how certain theories 
can be lifted to = 6 or 8 for an appropriate choice of gauge group. 

Our results confirm that 3-algebras provide a powerful approach to 
superconformal Chern-Simons theories in three dimensions [18]. They unify 
and simphfy the construction of theories with J\f > 5. The number of su- 
persymmetries is determined by the structure of the underlying 3-algebra. 
Antisymmetric structure constants, with f"'^'^'^ = —fbacd _ jcdab^ gj^g ^^^^ 
jV = 6 theories, corresponding to U(M|A^) and 0Sp(2|A^) in the Kac classi- 
fication [21]. Symmetric structure constants, with g"-^^^ = g^"-"'^ = g^'^'^^^ give 
J\f — 5 theories, corresponding to OSp(M|A/"), D(2|1;q;) and the exotic pair 
F(4) and G(3). 

Perhaps our most surprising result is that theories with different gauge 
groups can be continuously connected through their 3-algebras. How does 



19 



this occur in an M2 brane construction? We have seen that the J\f — 5 su- 
persymmctric S0(4) x SU(2) theory can be continuously deformed to the 
A/" = 6 SO (4) theory, changing both gauge group and the number of su- 
persymmetries along the way. It is surely of interest to find the M theory 
realization of this phenomenon. 
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Appendix 

The theories we consider arc constructed in three dimensions, with 7^ — 
{ia'^ , , a'^} , with Minkowski metric r]'^" = (—,+,+). Therefore, {7'^,7'^} = 
+27]'^". In three dimensions, the Fierz transformation is 

(Ax)^ = -^(A^)X - ^(A7.^)7''X- (86) 

We use the symmetrization conventions F^I^G'C'l^ = fABqCd _ pACQBD 
and F^^-^G"^)^ = F^^G^° + F'^'^G^^, for any parameters F, G, and indices 
A, B, C, D. We adopt the convention = co^^Xb, Xa = -uabX^ for any 
symplectic structure. 

Throughout the paper, we denote spinors that are R-symmetry singlets 

by rj. Those in the 6 of SU(4) are denoted by e^^; those in the 5 of Sp(4) are 
denoted by We note the following useful identities, which hold for both 
and although they are presented for the latter, with the appropriate 
definition of e^^^^: 

2^1^1i^C2CdSb = ^^'^lu^2]BC (87) 
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-;j£ABCD^l^ln^2EF — ^AB[lln^2]CD + CAD[l7/iC2]BC 

- CBi3[l7M6]AC (89) 

In our calculations concerning G2 and the spinor representation of 80(7), 
we made considerable use of the representations and identities listed in [20] . 
The SO (7) gamma matrices are 

pmab j^^^mab _j_ ^ma^bS ^mb^aS^ (91) 

They lead to the SO (7) generators 

pmnob ^mnab _j_ ^mna^bS ^mnb^aS _|_ ^ma^nb ^mb^na (92) 

which require the following SO (7) identities: 

^abe ^cde ^abcd _|_ ^ac^bd ^ad^bc (93) 

fjacd(jbcd ^ Qgab (^94^ 

fjabpqfjpqc _ _^(jabc ^gg-j 

The C"'^'^ are the structure constants for the octonian algebra, and 
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